Abstract. A simple invariant characterization of the scalar fourth-order ordinary di erential equations which admit a variational multiplier is given. The necessary and su cient conditions for the existence of a multiplier is expressed in terms of the vanishing of two relative invariants which can be associated with any fourth-order equation through the application of Cartan's equivalence method. The solution to the inverse problem for fourth-order scalar equations provides the solution to an equivalence problem for second-order Lagrangians, as well as the precise relationship between the symmetry algebra of a variational equation and the divergence symmetry algebra of the associated Lagrangian.
Introduction
Solving the inverse problem of the calculus of variations for scalar di erential equations consists of characterizing those equations which may be multiplied by a non-zero function such that the resulting equation arises from a variational principle. Speci cally in the case of scalar fourth-order ordinary di erential equations we will determine for which equations is an identity, where E(L) = 0 is the Euler-Lagrange equation for the Lagrangian L.
A complete solution to the inverse problem for the simplest possible case of a scalar second-order ordinary di erential equations has been know since Darboux 9] . Darboux determined that every secondorder ordinary di erential equation admits a multiplier and we will nd that this is far from the case for a fourth-order equation. Thus the inverse problem for fourth-order scalar equations is the simplest non-trivial case which admits a complete solution.
The formulation of the variational multiplier problem for scalar equations is easily extended to systems of di erential equations where the problem is to determine whether it is possible to multiply a system of equations by a non-singular matrix of functions such that the result is a variation of some Lagrangian. In particular the multiplier problem for a system of two second-order ordinary di erential equations has been thoroughly analyzed in the famous work of J. Douglas 10] . Recently Anderson and Thompson 4] have also studied this problem using the variational bicomplex (see section 2 below). Our solution for the scalar fourth-order equations will be based on ideas from these two articles.
The rst step in Douglas' solution to the inverse problem involved showing that necessary and su cient conditions for the existence of a multiplier could be expressed in terms of the existence of solutions to a system of partial di erential equations, which arise from the Helmholtz conditions, and where the unknowns are the multipliers (for a discussion of the Helmholtz conditions see 13] ). Solving this system of partial di erential equation would then provided the multiplier matrix for certain pairs of second-order ordinary 1 di erential equations. By using Riquier theory to analyze the existence and degree of generality of the solution space of the system of partial di erential equations for the multipliers, Douglas discovered that there exist pairs of second-order equations which admit no multipliers, some which admit nitely many di erent multipliers (with distinct Lagrangians) as well as pairs of equations which admit in nitely many di erent multipliers (and Lagrangians). Unfortunately due to the overwhelming complexity of the analyses, Douglas sometimes was only able to determine the degree of generality of the solution space to the partial di erential equations for the multipliers and was unable to nd a pair of ordinary di erential equations with the speci ed degree of generality of the multipliers.
The solution to the inverse problem given by Douglas emphasizes an important aspect in solving the inverse problem for the fourth order equation (1.2) . To nd a complete solution to the inverse problem we must not only determine which equations admit a multiplier, but we must also determine how unique the multiplier and associated Lagrangian is. Fortunately we will nd in the fourth-order inverse problem that if an equation admits a variational multiplier so that (1.2) is satis ed, then the multiplier and the associated Lagrangian are essentially unique. The uniqueness of a variational structure for a variational fourth-order equation will subsequently be used to solve an equivalence problem for second-order Lagrangians as well as provide the relationship between the symmetry group of a variational scalar fourth-order equation and the divergence symmetries of its Lagrangian.
The approach we take in solving the fourth-order inverse problem follows a re ned version of Douglas' solution to the multiplier problem given by Anderson and Thompson 4] . Anderson and Thompson derive the system of determining equations for the multiplier in a natural way using the variational bicomplex. They showed that the existence of a multiplier was in direct correspondence with the existence of special cohomology classes arising in the variational bicomplex associated with a di erential equation. The advantage in this formulation of the inverse problem is that the invariant nature of the problem is clearly emphasized. Anderson and Thompson proceeded to study the existence problem for the cohomology classes using exterior di erential systems which was considerably easier than the intricate analysis of Douglas, and subsequently they were able to determine some of the exceptional examples which had eluded Douglas.
Our solution to the multiplier problem will use in an essential way the formulation of the inverse problem of Anderson and Thompson. In the next section we will recall the theory of the variational bicomplex as it applies to problem (1.2). In particular by using the cohomology formulation of the multiplier problem we determine the exterior di erential system which must be integrated in order that a cohomology class and hence a multiplier as in (1.2) exists. The novelty of our solution to the problem relies in writing the exterior di erential system in terms of an invariant coframe obtained through Cartan's equivalence method. In section 3 we provide the details of the equivalence method calculations for a fourth-order ordinary di erential equation under contact transformations and obtain the associated feg-structure and hence the invariant coframe. In section 4 we use this coframe to analyze the exterior di erential system for the cohomology class and this provides the solution to the inverse problem which can be described solely in terms of vanishing conditions on two of the relative invariants (torsion) found in section 3. Lastly, in section 5 we consider two applications of the solution to the inverse problem.
The Variational Bicomplex
The variational bicomplex was initially introduced in order to formulate and solve the inverse problem in the calculus of variations, and so we recall the basic theory of the bicomplex which allows us to solve the multiplier problem for fourth-order equations.
The in nite jet space (see 1]) J 1 (R; R) while not a manifold in the standard sense, does admit local coordinates (x; u x ; u xx ; :::; u r ; :::) and a contact ideal C(J 1 (R; R)) generated by the one-forms 0 = du ? u x dx ; 1 = du x ? u xx dx ; ::: ; r = du r ? u r+1 dx ; ::: :
The one-forms in (2.1) along with the di erential form dx form a basis for the exterior algebra of di erential forms on J 1 (R; R We now de ne two subspaces 0;p (J 1 (R; R)) and 1;p?1 (J 1 (R; R)), for p 1, of the set of p-forms on J 1 (R; R). The rst space is de ned inductively by 0;1 (J 1 (R; R)) = fa i i ; a i 2 C 1 (J 1 (R; R)) ; 0 i < 1g 0;p (J 1 (R; R)) = f i^ i ; i 2 0;p?1 (J 1 (R; R)) ; 0 i < 1 ; p 1 g where the summation convention is used here and will be assumed from now on. The second subspace, 1;p?1 (J 1 (R; R)), is then de ned as 1;p?1 (J 1 (R; R)) = f ^dx; 2 0;p?1 (J 1 (R; R)); p 1 g :
These subspaces provide a direct sum decomposition of the p-forms on J 1 (R; R) p (J 1 (R; R)) = 0;p (J 1 (R; R)) 1;p?1 (J 1 (R; R)) (2.3) and thus every di erential form ! 2 p (J 1 (R; R)) may be written ! = ! 0;p + ! 1;p?1 where ! 0;p 2 0;p (J 1 (R; R)) ; ! 1;p?1 2 1;p?1 (J 1 (R; R)) :
We also de ne 0;0 (J 1 (R; R)) to be the smooth functions C 1 (J 1 (R; R)), and for convenience we take ; 0 r l ? 1 :
Setting the coe cient of 0^d x in the di erential form E( ) to zero generates the Euler-Lagrange equations for which we denote by E(L). The Poincare-Cartan form associated with a Lagrangian , which is important in the geometry of variational problems (see 14]), is the one-form de ned by = ? (2.9) where is given in (2.8).
There is a simple procedure, which we will now describe, that allows us to associate a variational bicomplex with a fourth-order ordinary di erential equation. A fourth-order ordinary di erential equation u xxxx ? f(x; u; u x ; u xx ; u xxx ) = 0 (2.10) de nes a 5-dimensional sub-manifold R of J 4 (R; R) by the inclusion i : ( x; u; u x ; u xx ; u xxx ) ! (x; u; u x ; u xx ; u xxx ; f(x; u x ; u xx ; u xxx ) ) J 4 (R; R) (2.11) where (x; u; u x ; u xx ; u xxx ) are local coordinates for R. We call R the equation manifold for equation (2.10 
which from equations (2.13) and (2.4) is found to be closed. The closed di erential two-form !, which may also be written in terms of the Poincare-Cartan form as ! = i d using (2.9), when written out explicitly
The di erential form ! in (2.14) provides the proof of necessity in the rst part of the following key We will often identify two non-degenerate Lagrangians 1 and 2 if
where h 2 C 1 (J 1 (R; R)). By using this identi cation the second part of Theorem 2.2 states that the correspondence between and ! described in the equations (2.13) and (2.14) is one-to-one. where (a i ) i=0::3 2 C 1 (J 1 (R; R)). We also de ne a subspace V (R) V (R) by
(2.20) Theorem 2.2 now states that solving the inverse problem corresponds to determining for which equations with corresponding manifolds R do there exist ! 2 V (R) with a 3 6 = 0. We will nd that V (R) is a contact invariant subspace of 0;2 (R) which demonstrates by Theorem 2.2, that whether or not an an equationadmits a variational multiplier is a contact invariant problem. This motivates us to study the contact geometry of R by using Cartan's equivalence method 7].
3. The feg-structure for fourth-order ordinary differential equations
In this section we use the equivalence method of E. Cartan to associate an invariant coframe with any fourth-order scalar ordinary di erential equation. In principle the relative invariants arising in the structure equations for this coframe can be used to distinguish between non-equivalent equations. We identify two of the relative invariants which will be used in section 4 to characterize the fourth-order equations which admit a multiplier.
A convenient description of the equivalence method is given in 11], while our calculations in this section are found to be similar to those for the third-order scalar ordinary di erential equation case presented in 8]. To begin let (x; u; u x ) and ( x; u; u x ) be local coordinates on J 1 (R; R) and J 1 (R; R) respectively. Two fourth-order scalar ordinary di erential equations u xxxx = f(x; u; u x ; u xx ; u xxx ) u x x x x = f( x; u; u x ; u x x ; u x x x ) (3.1) are de ned to be contact equivalent (in the classical sense) if there exists a contact transformation 1 : J 1 (R; R) ! J 1 (R; R) which is given in local coordinates by x = (x; u; u x ) ; u = (x; u; u x ) ; u x = 1 (x; u; u x ) ; (3.2) and a (nowhere vanishing) smooth function h(x; u; u x ; u xx ; u xxx ) such that ( 4 ) u x x x x ? f( x; u; u x ; u x x ; u x x x ) = h(x; u; u x ; u xx ; u xxx ) u xxxx ? f(x; u; u x ; u xx ; u xxx )] We now express the relation of contact equivalence between the two equations in (3.1) as an equivalence relationship between coframes so that the equivalence method may be applied. This is done by considering each di erential equation in (3.1) as de ning a smooth submanifold (x; u; u x ; u xx ; u xxx ) ! J 4 (R; R) ; (x; u; u x ; u x x ; u x x x ) ! J 4 (R; R) as in equation (2.11), and then choosing the particular coframes on R and R by taking the canonical basis for the contact module C(R) and that for C(R) as given in equation (2.1) We may now apply the equivalence method by using Lemma 3.1 and lifting the forms in (3.4) to R H and R H by de ning the one-forms,
(with the analogous de nition on R H) where S is the local parameterization of H in equation (3.6) . By taking the exterior derivative of equation (3.7) we have the rst set of structure equations With the lifted forms in (3.7) and the Maurer-Cartan form (3.9) the equivalence method can be applied to nd, The reader who is interested in the characterization of the variational fourth order equations (and applications) may skip the derivation of the structure equations and proceed to section 4. In the remainder of this section we derive the structure equations along with some of the parametric forms of some of the invariants.
Proof. The initial structure equations in (3.8) (3.14)
The action of the structure group on K 1 and K 2 allows us to translate K 1 and K 2 to zero by using the group elements corresponding to 6 and 3 . The reduced group H 1 (which is easily obtained by exponentiation)
will have the Maurer-Cartan form of (3.9) subject to the relations 6 = 1 3 = 4 3 1 :
We will make the substitution 1 = from now on.
The new structure equations with group H 1 will have the same rst three structure equations of (3. In order to determine the twist in the coframe on R corresponding to translating L 1 and L 4 to zero in The contact invariant condition (4.9) is not necessarily satis ed by an arbitrary feg-structure on R G from section 3. In fact the next lemma shows that being able to solve equation (4.9) provides the rst non-trivial condition on the geometry of R G which must be satis ed in order to be able to nd a closed two-form ! as in Lemma 4. At this point we may conclude that if a fourth order ordinary di erential equation admit a variational multiplier then the Lagrangian (and multiplier) are unique up to scaling.
We continue studying the integrability conditions for the rst-order partial di erential equations (4.13)
for a by taking the exterior derivative of (4.13). An application of the Poincare lemma proves We also have as a corollary of Lemma 4.6 and Theorem 2.2 Corollary 4.11. If a fourth-order ordinary di erential equation admits a variational multiplier and nondegenerate second-order Lagrangian such that (1.2) is satis ed then the multiplier, Lagrangian, and associated closed two-form ! are unique up to multiplication by a non-zero real scalar.
The uniqueness of the Lagrangian in Corollary 4.11 is of course subject to the identi cation in (2.17). Corollary 4.10 and 4.4 provide a complete solution to the multiplier problem for fourth-order scalar ordinary di erential equations.
As a nal remark to conclude this section we would like to point out that the proof of Theorem 4.9 could be shortened by simultaneously trying to solve the equivalence method and determining the necessary and 14 su cient conditions for the existence of the form !. This would require one less step in the equivalence method in section 3. For our particular problem it was easy enough to obtain the nal feg-structure in Theorem 3.2, but for more complicated problems the shorter solution would be preferred. The technique of running the equivalence method while imposing the conditions which control the existence of ! is used in 6] to characterize the second-order parabolic partial di erential equations in the plane which admit multiple conservation laws. 5 . Applications In this section we provide two simple applications of the characterization of variational fourth-order ordinary di erential equations given in section 4. Our rst application is based on the fact that the solution to the problem of determining whether two feg-structures are equivalent is well known 11]. With this in mind, we de ne an equivalence relation on the set of non-degenerate second-order Lagrangians such that we can associate a unique feg-structure with each Lagrangian equivalence class thus solving the equivalence problem. The feg-structure we associate with a given Lagrangian is of course the feg-structure in This provides a complete solution to the equivalence problem for non-degenerate second-order Lagrangians with respect to the equivalence relationship (5.2), and completes our rst application.
In our second application we determine the relationship between the symmetry algebra of a fourth-order Euler-Lagrange equation and the divergence symmetry algebra of the corresponding Lagrangian.
An in nitesimal symmetry of a fourth-order scalar ordinary di erential equation for some 2 C 1 (J 1 (R; R)), and where X 1 is the prolongation of X to J 1 (R; R). On the other hand, an in nitesimal divergence symmetry of a Lagrangian is a vector-eldX on J 1 (R; R) which preserves the contact structure on J 1 (R; R) and whose evolutionary representative as in (5.5) satis es L X 1 = d H for some 2 C 1 (J 1 (R; R)). It is a classical result 13] that every in nitesimal divergence symmetry of a Lagrangian is an in nitesimal symmetry of the associated Euler-Lagrange equations, however the converse of this theorem is often not true. That is, an in nitesimal symmetry of an Euler-Lagrange equation need not de ne a divergence symmetry of the associated Lagrangian. This discrepancy can be precisely described in the case of fourth-order scalar Euler-Lagrange equations. for some 2 C 1 (J 1 (R; R)).
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